Introduction
In this paper we consider a compact hyperkähler manifold of maximal holonomy admitting a holomorphic fibration π : M → B. The fibration structure is quite restricted due to the work of Matsushita, [Mat1] , who first noticed that the general fiber is a Lagrangian abelian variety of half of the dimension of the total space. The base has the same rational cohomology as CP n and the Picard group Pic(B) has rank one. We prove that the pullback of the fundamental class of a hyperplane section is primitive, i.e., indivisible as an integral class. Theorem 1.1: Let M be a hyperkähler manifold admitting a Lagrangian fibration π : M → B and H be the generator of Pic(B). Then the class π * H ∈ H 2 (M, Z) is primitive.
The proof is based on the observation that if π * H ∈ H 2 (M, Z) is not primitive, i.e., π * H = mH ′ , then H ′ has trivial cohomology by Demailly, Peternell and Schneider's theorem. Applying the Hirzebruch-Riemann-Roch formula for an irreducible hyperkähler manifold, one would obtain a contradiction.
As an application of the primitivity of π * H one can see that if P 1 and P 2 are non-ample nef line bundles associated with different Lagrangian fibrations π i : M → CP n , then P 1 ⊗ P 2 is ample and base point free.
2 Basic notions Definition 2.1: A hyperkähler manifold of maximal holonomy (or irreducible holomorphic symplectic) manifold M is a compact complex simply connected Kähler manifold with H 2,0 (M) = Cσ, where σ is everywhere non-degenerate.
For the rest of the paper we consider hyperkähler manifolds of maximal holonomy. Due to the work of Matsushita we know that the fibration structure of hyperkähler manifolds is quite restricted. Remark 2.4: In [Mat2] , D. Matsushita also proved that the base B of a Lagrangian fibration has the same (rational) cohomology as CP n . In [Hw] , J.-M. Hwang proved that when B is smooth, then it is actually isomorphic to CP n .
Definition 2.5: Given a hyperkähler manifold M, there is a non-degenerate primitive form q on H 2 (M, Z), called the Beauville-Bogomolov-Fujiki form (or "BBF form" for short) of signature (3, b 2 − 3), satisfying the Fujiki relation
with c > 0 a constant depending on the topological type of M. This form generalizes the intersection pairing on K3 surfaces. A detailed description of the form can be found in [Be] , [Bog] and [F] .
Definition 2.6: Let f : M −→ B be a Lagrangian fibration. As shown in [Mat2] , H * (B, Q) = H * (CP n , Q). Let H be a primitive integral generator of H 2 (M, Q), and O(1) be a holomorphic line bundle on B with first Chern class H. When B = CP n (this is the case when B is smooth by Hwang's result [Hw] ), the bundle O(1) coincides with the usual O(1). We call H the fundamental class of a hyperplane section.
Remark 2.7:
A semiample bundle is a base point free line bundle which has positive Kodaira dimension. Let f : M → B be a Lagrangian fibration, and
Clearly, L is a semiample nef line bundle. By Matsushita's theorem any semiample nef line bundle is either ample or obtained this way. The SYZ conjecture (due to Tyurin, Bogomolov, Hassett, Tschinkel, Huybrechts and Sawon; see [V] ) claims that converse is also true: any nef line bundle on a hyperkähler manifold is either ample or semiample. This conjecture is a special case of Kawamata's abundance conjecture.
Remark 2.8: The Hirzebruch-Riemann-Roch formula for an irreducible hy-
i , where the coefficients a i are constants depending on the topology of M (see [Hu] 
Using the Hirzebruch-Riemann-Roch formula, we can easily obtain our main result for K3 surfaces. We are grateful to Claire Voisin for this observation.
Lemma 2.9: Let S be a K3 surface with an elliptic fibration π :
Indeed, if we assume that π * O(1) = mH for m > 1, then H would be m-torsion on all fibers and h 0 (H) = 0. By Serre duality, h 2 (H) = 0. Then applying the Hirzebruch-Riemann-Roch formula as in Remark 2.8, we obtain 2 = χ(
Remark 2.10: For the standard series of examples this was also known by Wieneck (Lemma 2.7 in [W] ). We thank Klaus Hulek for pointing out this reference to us.
Here we restate a theorem by Demailly, Peternell and Schneider applied to compact Kähler manifolds with trivial canonical bundle, which is the set-up we need. The more general version of this result is Theorem 2.1.1 in [DPS] .
This theorem was obtained under various hypotheses during the 1990s, see [Eno93] and [Mou99] . It was proved in [Tak97] when L is nef.
Theorem 2.11: ([DPS, Theorem 2.1.1]) Let (M, I, ω) be a compact Kähler manifold, K M its canonical bundle, dim C M = n, and E a non-trivial nef line bundle on M. Assume that E admits a Hermitian metric with semipositive curvature form. The cohomology class ω is considered as an element in
Further on, we shall also need the following trivial topological observation.
Claim 2.12: Let M be a hyperkähler manifold of maximal holonomy. Then H 2 (M) is torsion-free.
Proof: The universal coefficients formula gives the exact sequence:
Since H 1 (M, Z) = 0 for a maximal holonomy hyperkähler manifold, this gives an isomorphism H 2 (M; Z) = Hom Z (H 2 (M; Z), Z), hence the torsion vanishes.
Main Results
Proposition 3.1: Let M be a hyperkähler manifold admitting a Lagrangian fibration π : M → B, and E is a line bundle on M which is trivial on the general fiber and torsion on all irreducible components of all fibers of π. Then E = π * E ′ , where E ′ is a line bundle on the base.
Proof:
The bundle E is torsion on all fibers of π, hence for some k its tensor power E ⊗k belongs to π * (Pic(B) ). Choose a metric h k on E ⊗k which is trivial on the fibers, and let h be its k-th root, which is a metric on E. Then the Chern connection associated with h is flat on the fibers of π. To finish the proof it remains to show that its monodromy is trivial on all fibers. However, since E is trivial on the general fiber, the monodromy of E is trivial on the general fiber. The special fibers F s of π are deformation retracts of the general fiber F g (see [Mor] , [P] , [C] ). Therefore, the monodromy representation of E on F s is induced by the monodromy of E on F g , which is trivial. We have proven that E is trivial on all fibers of π.
Remark 3.2: Using only the properties of the BBF form, Ulrike Rieß informed us that she was able to prove that in the settings of Proposition 3.1, E is a rational multiple of π * O(1), where O(1) is the ample generator of Pic(B). Proof: Suppose that π * H is not primitive, and
unless E is a non-trivial torsion bundle on the general fiber of π. In the second case, π * H is primitive. This implies that E is a non-trivial torsion bundle on the smooth fibers of π, and torsion on all irreducible components of non-smooth fibers.
Apply the Enoki-Mourugane-Takegoshi-Demailly-Peternell-Schneider vanishing theorem (Theorem 2.11) to the manifold M with the torsion nef line bundle E to obtain the surjective map
where NS is the normal bundle, which is trivial because S is a fiber of the submersion π :
S ⊗ E has no sections for all k, and Theorem 2.11 implies that H i (E) = 0 for all i. To finish the proof, we apply the Hirzebruch-Riemann-Roch formula for the hyperkähler manifold M with the line bundle E. Since q(E) = q(L) = 0 and H i (E) = 0, from Remark 2.8 we obtain n+1 = χ(E) = (−1) i dim H i (E) = 0, a contradiction. Therefore, π * H is primitive.
Applications
In this section we describe some applications of the primitivity result.
Proposition 4.1: Let M be a hyperkähler manifold admitting a Lagrangian fibration f :
Proof: From Theorem 3.3 we know that L = f * O(1) is primitive, i.e., c 1 (L) is not divisible. By Poincaré duality there is α ∈ H 2 (M, Z) such that the pairing c 1 (L), α = 1 in M. This is the same as the pairing r * α, c 1 (O(1)) in CP n , which means that r * α is the class of a line, therefore
is surjective. Since M and CP n are simply connected, this induces a surjection on the homotopy groups π 2 (M) −→ π 2 (CP n ).
Remark 4.2:
We conjecture that if the fibration f : M → CP n has no multiple fibers, then for a general curve C ⊂ CP n there is a continuous section C → M. The evidence is that for every curve class [C] there is a class on M surjecting to [C] by Proposition 4.1. Claim 4.5: Let P 1 and P 2 be non-ample nef line bundles associated with different Lagrangian fibrations with base CP n . Then P 1 ⊗ P 2 is ample and base point free.
Proof: By the corollary above, the line bundles P i are very semiample, hence globally generated.
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